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ABSTRACT

oo

Let A be the class of functions f(2)=z+ 2 anZ' which are analytic in the unit disk U={ze C:12 <1} of the

n=2

complex plane. In this paper we introduce a subclass J (A, o, 8) of A and study some of their interesting properties

such as inclusion results and covering theorem.
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. INTRODUCTION
Let A be the class of functions of the form

f(=z+Y a,7" analyic in the open disc
n=2

U={ze C:l2<1}. Let S denote the class of

functions in A which are univalent in U.

Let Py (d) be the class of functions p (2) analytic
in U satisfying the properties p(0)=1 and

(1.1)

2n
j Rep(2)—d
1-9

‘Oﬁskn

where z:re’e,k22 and ©6<d<1. This class
has been introduced in [5]. We note that, for =0, we
obtain the class Py defined and studied in [6] and for
0=0,k=2 we have the well known class P of
functions with positive real part. The case k=2 gives
the class P(d) of functions with positive real part
greater than d.

From (1.1) we can easily deduce that
pe P, (d) if and only if, there exists py, poe P(9)

such that
+ )P1 2 —(

B
NS

N —

p(z>=( —%jpz(a

For the function f(z):Za,,z" and
n=A1

(o]

9= b,Z' which are analytic in U et
n=1

(f* g) (2) denote the convolution of f(2) and g (2) and

be defined by

(%9 (9= a,b,7"

n=1

Now we consider the incomplete beta function
0 (&, ¢, 2) which is defined by

v(ac2=2F(1,ac¢2

- —(a)”z’7+1, c#0,—1,-2...
(©n
n=0

corresponding to the function ¢ (g, ¢, 2) Carlson
and Shaffer [1] defined a linear operator L (&, ¢) and
A defined by

L(a o (f2)=0(ac2)xf(2),fe A

It is known in [1] that L (&, ¢) maps A into itself.
If a=0,—1,—-2,... then L a ¢) has a continuous
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inverse of L(a ). If c>a>0, then L(a, c) has the
integral representation.

I'(o)

L(a ¢ (f(2) “T@Tc-a

1
[ (1—00‘3‘1@&
0

Definition 1.1 Let fe A, then fe J(A, o, d) if and
only if

{(1 —k){ocf’(z)+(1—a)f(—zz)}k[zoaf”(z)ﬂ’(z)]}
€ P(8),ze U

where a>0,A>0,k=>2and 0<d<1

Lemma 1.1 If p(2) is analytic in U with p(0)=1 and
A is a complex number satisfying Re A > 0 (A #0) then

Relp(2+A 20 (2]>B(O0<P<1)
implies.
Rep(@>B+(1-P)@y-1

where 7y is given by

v=| d+fM-1a

O — ) —

Lemma 12 [4 Let ¢>0,A>0,0<1. If

p(2=1 +p1z+p222+...be analytic in U and
Relp(2)+cAzp' (2)]>9,ze U
then

Relp(2)+czp' (2] =226 -1 +?

1

1 L
11 [ fa-
+2(1—8)(1—7ch7L { ol

This result is sharp.

IIl. MAIN RESULTS

21 Let A, a>0,0<8<1 and let
f@
Z

Theorem
fe J(A, 0,0). Then of’ (2)+(1— o) € Py (dy)

where &, is given by
8=0+(1-98)(2y—1) (2.1)

and

1
v=[ a+fentar
0

Proof. Let

af @+(-a) 2p)-

Then p(2) is analytic in U and

p@=af (2)+(1 —oc)f(—zz) (2.2)

Taking the derivatives on both sides we get,

(1—%)[ocf'(z)+(1—oc)f(—zz)}
+A[zaf” 2+ (Dl=p+Lzv (2).
Since fe J(A, a0), p(2) +Azp' (2 € Pc(d), ze U.

This implies that Re [p(2) + A zp’ (2)] > 8. Using
Lemma 1.1, Re [p(2)] > &; where &, is given by (2.1).

Hence p(2) € Px(81),ze U

This completes the proof.

Theorem 22 Llet o>0,A>00<06<1. If
fe J(A, o, d) then zo. f” (2) + " € Py(d,) where

11
1-5 1INt [ Bt
8,=25- 1+ +2(1_8)[1_8)k { g

~

This result is sharp.
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Proof Ler p(2)=a.f’' (2)+(1 - ) f(_zz)

Taking derivatives on both sides, we get
(1=-Mp@+Ar[zaf” ()+1" (2]=p(D+A 2z (2)
Since fe J(A, o d) we have
Re[p(@+Azv' (2)]>9,ze U
According to Lemma 1.2
Re[zaf” (2+f (2]=Re[p(2) + A zv' (2)]
L

1
1-8 14 fa
> — R — _— = A
>20-1+ 3 +2(1 8)(1 kjk { 1Hdi‘

But
1
fx,a5(2)={% 1] &’1%_125”2 } eJ(ho,9)
0
Hence the inequality is sharp.
Theorem 2.3 For each o.>0,0<2q <Ay,
J(Ay, a, ) € J (M, 0, O)

Proof. For A4 =0, the proof is immediate

Let A;>0 and let fe J(Ay, a, 5), then there
exists two functions hy, h, € Py (), such that, from
Definition 1.1 and Theorem 2.1

(I- XQ){ocf @+(1-a) (z)}

+ M [200f7 (2 + 1 (D] =hy (2)
and

f(2)

ocf’(z)+(1—oc)7:h2(z)

Hence
sramo-ott
(1-A)| af @+ -o)

+M 2o f7 (2 + 7 (2)]

_ﬁh 1 ﬁ h (2.3)
—k21(2)+ " b (2)

Since the class P, () is a convex set, [2], it

follows that the right hand side of (2.3) belongs to
Py (8) and this proves the result.

Theorem 2.4 Let

f(=z+) a,7'e J(A, 0, )
n=2

Then

k(-9
layl < —— —

The function %, §(2) defined as

fxas(z) (xJ' _11—(1—26)1‘2 o
( 1+1z

shows that this result is sharp.
Proof. Since fe J(A, o, 0)

{(1—%){(xf’(z)+(1 a)ﬁ}+k[zocf’ (z)+f’(z)]}

=1+Y ¢, 7
n=1

€ P (8)

It is known that Ic,| < k(1—29) for all n. Using
the above inequality, we prove the required result.

Theorem 2.5 (Covering theorem), Let A>0 and
O<A<1. Let f=Fe J(\, 1, 0). If Dis the boundary
of the image of U under F, then every point of D has

a distance of atleast from the origin.

_ A+l
@+k +2L—kd

Proof. Let F(2) # wy and wq #0.

oy F(Z

Then £, (2) :ﬁl-f()z) is univalent in U. Since
0

F is univalent.
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oo

Let f(9) =2+ a, 7"

n=2
Then £ (z):z+[az—i]22+...
g

a_i
2 g

But <2

k(1-29)
By Th 24 S——
y Theorem EX Y

1+A

H tain lao >
ence we obtain loy 2+ Kk +2h— K\
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